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Abstract – Markov chain models are efficient tools for 
representing stochastic discrete event processes with wide 
applications in decision and control. A novel approach to 
fuzzy-Petri-net reasoning generated solution to initial or 
another state in Markov-chain models is proposed. Reasoning 
is performed by a fuzzy-Petri-net supervisory controller 
employing a fuzzy-rule production system design and a fuzzy-
Petri-net reasoning algorithm, which has been developed and 
implemented in C++. The reasoning algorithm implements 
calculation of the degrees of fulfilment for all the rules and 
their appropriate assignment to places of Petri net 
representation structure. The reasoning process involves 
firing active transitions and calculating degrees of fulfilment 
for the output places, which represent propositions in the 
knowledge base, and determining of fuzzy-distributions for 
output variables as well as their defuzzified values. Finally, 
these values are transferred to assign the state of Markov-
chain decision model in terms of transition probabilities. 
 
 

I INTRODUCTION 
 
The synergy of advanced technologies in applied 
computing, communication, control, and decision during 
the last couple of decades has given rise to highly complex, 
technological, dynamic systems governed by some 
composition of time-driven and event-driven stochastic 
dynamics and referred to as discrete event systems. Their 
features have enhanced applications of Markov chain 
models and Petri-net models that complement each other, 
because they provide a framework for investigation studies 
of very many discrete event systems. Although in 
principle, a Markov chain model can be always solved, 
practice has demonstrated that this task is extremely 
difficult and steady-state (stationary) solutions in terms of 
state transition probabilities are sought and practically 
exploited. Even in the cease when steady-state solutions 
are sought there is no systematic way of how the initial 
state probability vector is to be chosen or determined [1]. It 
is known, on the other hand, that a Markov-chain decision 
model represents a discrete-event system in terms of 
sequence of state random values the probabilities of which 
at a time interval depend upon the random values at the 
previous time instant only. The controlling factor in a 
Markov chain is the transition probability, which is a 
conditional probability for the system to go to a particular 
next state given the current state of the system. In the 
present study we have explored a possible application of a 
two-level decision and control architecture, a supervisory 
controller that implements a fuzzy-Petri-net reformulation 
of Saridis’ organizing intelligent controller [2], [3] 
following his principle of increasing intelligence with 
decreasing precision [4].  

The supervisory controller has been constructed as a 
fuzzy-Petri-net production rule system [5]-[7]. Its software 
implementation in C++ is described in [6] by means of 
both programmer’s and user’s view. Petri net formalism 
provides considerable advantages when used in hybrid 
decision and control systems because of its great power for 
representation and modeling of parallel and concurrent 
processes, while fuzzy system formalism does the same 
with respect to reasoning by processing the respective 
fuzzy-rule inference systems [8]-[21]. The formalism of 
Petri nets (PN) can be used to model fuzzy-rule based 
systems by simply identifying some elements (places and 
transitions) and features (marking function) of Petri-net’s 
formalism with the basic elements of a fuzzy-rule based 
knowledge base (KB) such as propositions, degree of truth 
and implication relationships. The fuzzy-Petri-net (FPN) 
formalism employed in here has achieved this due to more 
specific terms such as association of the KB propositions 
and places in the FPN through introducing an appropriately 
defined bijective function, and association of the KB 
transitions and degrees of truth. Furthermore, a formal 
separation between the representational scheme (the FPN 
itself) and the associated discrete dynamic process (data 
driven evaluation algorithm) is established, yet it is not 
included as a part of the FPN model. A more adequate 
handling of multi-propositional rules has been introduced 
and implemented too. Still degrees of truth of the rules 
remained numerical values, and the chaining is still done at 
the value level and therefore some drawbacks have been 
identified to be present. This model includes the handling 
of true fuzzy production rule system by taking degree of 
truth of the implication rules. 
 
 

II ON MARKOV CHAIN MODELS OF DISCRETE 
EVENT SYSTEMS 

 
In the category of discrete-event processes, there may be 
processes that cause different types of changes and usually 
cause leap changes of states following occurrence of some 
event(s). For instance, such are processes of planning and 
of forecasting and decision making analysis, which 
examine structural connections between state-transitions 
and event probabilities of the respective sets of attainable 
states and admissible events. Through this analysis it is 
possible to obtain the schedule of transitions and the basic 
units of time, which are needed for each transition. Solving 
problems like these requires the usage of state-transition 
and event-probability matrices embedded in Markov chain 
models, often a finite discrete-time Markov chain of events 
involving respective state transitions [1].  



 

The work presented in here is confined to discrete-time 
homogeneous Markov chain that is a stochastic process 
characterized by: finite number of states; Markovian 
transitions (possessing Markov memory-less property); 
and stationary state-transition probabilities. Thus a Markov 
chain is a sequence of random values such as the one 
known as a non-repeating random walk. The model of the 
problem at hand it suggest assuming an nn× -matrix of 

probabilities, P , such that 

0≥ijp , ∑ j ijp 1≤ , ...,2,1,0=i          (2) 

and thus generating the following array: 

−= 1ig ∑ j ijp , ...,2,1,0=i             (3) 

P  can approximately describe a discrete Markov chain 
where the states of the chain are N  integers. The element 

ijp  gives the transition probability for the random walk 

from state i  to state j . The probability that the walk will 

terminate after state i  is given by ig . As long the vector 

g , encompassing all these probabilities, is not zero the 

walk will eventually terminate. In fact, a Markov chain is a 
sequence of random values, whose probabilities at a next 
time instant of a given time interval depend upon the value 
at the immediately previous time instant (no state memory) 
regardless the time spent in the current state (no age 
memory):  

[ ] ≡==== −−++ 001111 ...,,, xXxXxXxXP kkkkkk

[ ]kkkk xXxXP == ++ 11             (4) 

The governing factor in a Markov chain is the transition 
probability, which is a conditional probability for the 
system to go to a particular new state, given the current 
state of the system with the assumption the initial one is 

known, [ ]
ie
qxXP == 00 , Eei ∈∀ , ∈i [ N,0 ] with 

E  a set of admissible events. For many problems, the 
Markov chain obtains the much-desired importance 
sampling meaning fairly efficient estimates can be 
obtained if the proper transition probabilities are 
determined. In terms of stochastic timed automata 
formalism, in which E  represents the set of admissible 
events, X  the set of attainable states, )(xG  the set of 

enabled events defined with )(xG E⊆  for all Xx∈ , 

{ }EiGG i ∈= :  a stochastic clock structure, 

=p ),;( ν
ν exxp  a state transition probability defined 

for all Xxx ∈,ν , Ee ∈ν  such that 

=p ),;( ν
ν exxp 0=  for all )(xGe ∉ν , and 

=0p )(0 xp  probability mass function [ ]xXP =0 , 

Xx∈  of the initial state 0X , a Markov chain model is 

represented as  

=SAM ),,,,( 0 CppXE ,                    (5)  

with )(xGe ∈ν  representing the triggering event. In turn, 

the transition probability is an aggregate over all enabled 

events )(xGei ∈  that may cause the transition from state 

Xx∈  to state Xxi ∈ , which may depend on time, and 
it follows according to the rule of total probability  

=);( xxp i
k [ ]xXxXP k

i
k ==+1 =  

∑
∈ )(

),;(
xGe

i
i

i

exxp ),( xep i⋅           (6) 

where ),( xep i  is the probability that event ie  occurs at 

state x . Should the state space is represented by non-
negative integers like in a random walk sequence, a 
Markov chain emanates from Chapman-Kolmogorov 
equation  

=+ ),( nkkpij ∑ +
rall

rjir nkrprkp ),(),( , 

nkrk +≤<                           (7) 

for the event [ ]iXjXP kk ==+1  conditioned on 

[ ]rXP r =  with any r  such that nkrk +≤< .  

It is therefore possible, in terms of an application of the 
FPS reasoning of the FPN supervisor that makes 
membership degrees evaluation largely satisfying memory-
lees property, to assign the finally obtained values for 
output variables of the FPN supervisor to take the role of 
initial state probabilities of the observed Markov chain 
model. Thus, as a first step towards the desired resolve, a 
Markov chain with obligatory state probabilities, obtained 
from an expert system with a purpose after its evaluation 
processing has been completed, has been created. This 
way, it is believed, even becomes possible to apply control 
actions on events in the Markov chain models thus 
influence its discrete-event transition evolution. This is 
discussed in the two subsequent sections.  
 

 
III ON FUZZY PRODUCTION RULE SYSTEM AND 

PROCESS OF FUZZY-PETRI-NET REASONING  
 

Although there may be found in the literature different 
conceptualization of fuzzy production rule systems, in here 
a rather generic representation of the rules is considered 
[5]. Namely, the fuzzy-rules that make up the knowledge 
base (KB) in a fuzzy-rule production systems (FPS) are 
outlined as follows: 

Rule Rr: If X
1

r IS A
1

r 
and.. and X

Mr

r 
IS A

Mr

r  
Then  

X
Mr+1

r  IS B
1

r  and...and X
Mr+Nr

r  IS B
 Nr

r
( rτ )    (8) 

In here, the bold presented symbols are the fuzzy 

propositions and rτ , which are defined as functions of the 
type [1, 0] -> [1, 0], represent linguistic values of the truth-
variable that qualify the rules.  

The set of fuzzy rules, constituting a fuzzy-rule 
knowledge base in a fuzzy production rule system, is 
considered next through its projection onto a Petri-net (PN) 



 

representation structure, the respective bipartite graph 

),,( APTN = , where P ={ 1p , 2p ,   kp    , Kp } is 

the set of places, T ={ 1t , 2t ,    jt    , Jt } is the set of 

transitions, and A ⊆ { PT × } ∪ { TP× } is the 
respective set of directed arcs. For this purpose, the places 
of the PN are being identifying with the propositions of the 
KB by means of the following bijective function 

α: P -> PR,  p
k
 ---> α(p

k
)=pr

k
,   k=1,...,K,   (9) 

where PR={pr
k
} is the set of propositions and K is the 

number of propositions in the KB. In the case where a 
proposition is found several times in different fuzzy rules 
of the KB, a different place will be assigned to it for each 
of these appearances in the KB.  

The meaning of the transitions is more complex and 
involved to interpret because of the linking rules. In this 
work, basically the representation is in terms of union of 

two types of transitions: T=T
R 

U T
C 

= {t
1
,..., t

R
, t

R+1
,..., 

t
R+C

}. Subset TR includes the transitions associated with 
each one of the rules that make up the fuzzy-rule KB, 
whereas subset TC includes the transitions that are 
associated with the existence of links between 
propositions. Hence the input and the output functions over 
set T ought to be defined  

I: T ---> φ (P),                         (10) 

O: T ---> φ (P),                         (11) 

such that these associate to each transition the set of places 
which constitute its input and output, respectively. It is 
these functions that can have a different interpretation 
depending on the subset of T in which they are considered:  

If t
j ∈ T

R
, ∀ pi∈P, p

i
 ∈ I(t

j
) <=> a(p

i
) ∈ 

Antecedent part of R
j
                  (12) 

If t
j
 ∈ T

R
, ∀ pi ∈ P, p

i
 ∈ O(t

j
) <=>a(p

i
) ∈ 

Consequent part of R
j
                  (13) 

If t
j
 ∈ T

C
, pi ∈ I (t

j
) , p

k
 ∈ O(t

j
) <=> a(p

i
) is linked 

with α(p
k
)                             (14) 

Therefore a single transition t
j
 ∈ TC will exist for each of 

the intermediate variables Xj of the fuzzy-rule knowledge 
base.  

In terms of graphs, the representation of the fuzzy Petri-
net is defined as follows: 

A = { } { }U
Tt

jjjj

j

ttItOt
∈

×∪× )()( ,         (15) 

where also a truth function, f, that assigns to each t
j
∈T

R
 the 

linguistic truth value associated with the respective rule Rj 
has been defined as follow: 

f: T
R ---> V,   t

j
 ---> f(t

j
) = τ 

j
               (16)  

Here, V represents the set of linguistic values of the 
linguistic truth variable. It should be noted, in addition, 
that in this fuzzy Petri-net model the place pl is 
immediately reachable from place pk if: 

∃ t
j
 ∈ T/p

k
 ∈ I (t

j
) and  p

l
 ∈ O(t

j
)            (17) 

The adjacent transitions associated with chains will 
represent the multiple link situations: several rules 
establish inferences over the same variable and one or 
more later rules make use of this variable in its (their) 
antecedent part. In this case, a transition will be associated 
with each chain. 
 

 
IV PROCESS OF FUZZY-PETRI-NET REASONING IN 

MARKOV MODEL STATE ESTIMATİON  
 

It should be noted, the fundamental notion of executing a 
fuzzy-rule knowledge base that is represented by the 
respective Petri-net bipartite graph coincides with is that of 
a marked PN model. Marking indicates that the degree of 
fulfillment (DOF) of the associated proposition is known, 
so this proposition can be used in the process of obtaining 
new references. It will be necessary for the DOFs of the 
different propositions to be available all the time and be 
handled as appropriate. The latter required a well defined 
the fulfillment function 

g: P ---> [0,1]                          (18) 

be introduced such that it assigns to each place a real 
value: 

g(p) = DOF(α(p))                       (19) 

In the above presented PN representation structure, tokens 
are transferred from some places to others by means of the 
activation of transitions, following a basic rule: A 

transition tj∈T is active (and will fire) if every pi∈I(P) has 
a token.  

When during the process of firing a transition the token 
of the input places is removed, the information obtained 
about the DOF of that propositions are preserved in the 
fulfillment function. The firing of an active transition tj∈TR 
is equivalent to the application of a rule in the process of 

evaluating the KB. The activation of t
j
∈TC is equivalent to 

knowing, whether it be through previously performed 
inferences or through observation, the DOF of propositions 
α(pi), ∀ pi∈I(tj). In this case, the DOF for propositions 

α(pk),∀ pk∈ O(tj) is determined not by the application of 

rules of the KB, but by essentially the same method as the 
one used to determine the DOF of a proposition with 
observed input distribution values. Most of the operations 
participating in this calculation can be carried out a priori, 
leading to a significant simplification of the execution 
process. When all DOF’s of the antecedent part of a rule 
are known and it is executed, the marking function will 
have placed tokens in all of the input places of the 
corresponding transition, activating it and causing it to fire, 
which will produce a new markings generated by PN 
marking function. 

The initial marking map M in the PN representation of 
the KB of the fuzzy production rule system can be defined 
as follows: 

M: p ---> { 0,1 },  pi ---> M(pi)= { 0, if g(pi) is unknown; 
and 1, otherwise }      (20) 



 

The marking mapping function makes explicit the 
requirement that the DOF of a set of propositions must be 
known before an evaluation of the KB can be carried out. 
From a given marking map M, the firing of a transition tj 
may produce a new marking map M*. The evolution of the 
marking mappings of a PN, hence of a FPN too, is 

represented by the respective transition function, FPNt , 

defined as follows: 

FPNt = MTM →× , ( jtM , ) → *M      (21) 

*M ={ )(,0 j
i tIpif ∈ ;   )(,1 j

i tOpif ∈ ; and 

)( ipM  otherwise}.   (22) 

In mapping function (21)-(22), M  represents the set of all 
possible marking maps of the PN and FPN model, 
respectively. The process of executing a KB can be 
understood as the “propagation” of possibility distributions 
through the KB, via implication operations (which permit 
“propagating” distributions from the antecedent part of a 
rule to the consequent part of the same rule) and via links 
(which “connect” the consequent part of one or several 
rules to the antecedent part of other(s)). This evaluation 
process is carried out following a certain order, which 
determines at any moment in time the rule(s) that may be 
applied. The process finishes with the operation of 
aggregating all the possibility distributions inferred for 
each output variable into a single final possibility 
distribution. 

Without loss of generality, for a fuzzy-rule KB consisted 

of only two chained rules, SR  and CR , which are linked 
by one of fuzzy-set defined antecendents, to this end by 
making use of the above defined bijective function α the 
related places and propositions are obtained:  

P= {pr
mr

 | mr = 1, ..., Mr+Nr, r=S,T }       (23) 

PR=prr
mr

 = { ”Xr
mr

 IS Ar
mr

”, mr ≤  Mr ;  ”Xr
mr

 IS 

Br
mr-Mr

”, mr>Mr}     (24) 

Furthermore, given the relative simplicity of the KB, the 
transition for the rules and links are obtained as follows: 

T
R
= { tS, tT}                         (25) 

T
C
 = { t3 }                           (26) 

In the sequel, the focus is on the process of obtaining the 

DOF that corresponds to proposition α(p
1

T
) from the 

DOF of α(pMs+1 s), i.e. g(p
1

T
) from g(pMs+1 s). Then it 

is observed that 

bs
1,i = τs(g(pMs+1 

s) ∧  bs
1,i

),    i=1,...,I      (27) 

where Bs
1 = { bs

1,i
} is the possibility distribution 

associated with linguistic value B
1
s in proposition  

α(pMs+1 s). The DOF will be: 

g(p
1

T
) = V  [ τs(g(pMs+1 

s) ∧  bs
1,i) ∧  a

T

1,i 
];    (28) 

a
T

1,i  is the possibility distribution of linguistic value in 
propositions. 

Let now the more general case of FKB be observed in 
which several rules R1,..., RS perform inference over a 
variable, and the same variable is in the antecedent part of 
at least one later rule RT. Typically, one obtains: 

R
1
:  

IF X
1

1
 IS A

1

1
 AND ... THEN  X

1

M1+1 IS B
1

1 AND ...(τ 
1
) 

R
2
:  

IF X
1

2
 IS A

1

2
 AND ... THEN  X

2

M2+1 IS B
1

2 AND ...(τ 
2
) 

R
S
:                                                                           (29) 

IF X
1

S
 IS A

1

S
 AND ... THEN  X

S

MS+1 IS B
1

S AND ...(τ 
S
) 

R
T
:  

IF X
1

T
 IS A

1

T
 AND ... THEN  X

T

MT+1 IS B
1

T 
AND...(τ 

T
) 

with the linking relationship  

X
1

M1+1 = X
2

M2+1 = ... = X
S

Ms+1 = X
1

T
           (30) 

Following a procedure that is analogous to the previous 
one we will obtain the DOF for proposition pr1

T: 

g(p
1

T
) = V [ V  [τs(g(p

Ms+1
s) ∧  bs

1,i
)] ∧  a

T

1,i 
]   (31) 

Now it is possible an outline of the actual reasoning 
algorithm to be given. Basically, it comprises a two-stage 
computing process: stage of defining the marking function, 
and stage of producing the DOFs of the corresponding 
propositions and firing of the active transitions. These 
stages are sequentially repeated until there are no more 
active transitions; at this moment the inference process will 
have been ended. Finally, an aggregation-assignment of a 
single possibility distribution to each output variable is 
performed.  

Assume that IP and OP represent the sets that group 
input and output places, respectively. Then the outline of 
the reasoning algorithm is as follows:  

Step 1 Initially, it is assumed only the DOFs of the 
propositions that operate on input variables, that is, those 
associated with input places, to be known. Therefore the 
initial marking function will be: 

M(pi) = { 0, if  pi ∉ IP; and 1, if  pi ∈ IP }     (32) 

Step 2 We fire the active transitions. Let tj be any active 
transition; that is, 

t 
j
∈ T |  ∀ p

k
 ∈ I(t 

j
),   M(p

k
)=1            (33) 

The transition function FPNt = MTM →× , as defined 

with (21), in fact defines the successive marking functions 
as processing the algorithm evolves. In turn, the 
corresponding DOFs are obtained as follows: 

If  t 
j
∈ T

R
,  g(p

i
) = Λ g(p

k
) , ∀pi ∈ O(t 

j
)      (34) 



 

If  t 
j
∈ T

C
,  g(p

i
) = V { [τ 

rk
( g(p

k
)) ork µ

pk,pi
] }, 

∀pi ∈ O(t 
j
)      (35) 

Step 3 Go back to step 2, while: 

 t 
j
∈ T | M(pi) = 1,  pi ∈ I(t 

j
)                   (36) 

Step 4 For each output variable X, its associated possibility 
distribution B={bi}, i=1,...,I, is found 

bi= V {τr(g(pr
n
)) or τr(br

n,i
)                 (37) 

with the set PX of places associated with propositions  

PX = { pr
n
 ∈ P | α( pr

n
) = “X  IS  Br

n”}.        (38) 

in which inferences over X are carried out.  
The next set of simulation results is given for the 

purpose of illustration of the above described fuzzy-Petri-
net reasoning process and the kind of results that may be 
obtained. These are obtained via reasoning with the 
following five-rule fuzzy-rule knowledge base involving 
seven fuzzy membership grades as give bellow:  

R0:   IF X1=LP\0.12 AND X6=SP\0.10 THEN X2=ZO, => 
dof(A00)=0.64; dof(A01)=0.70 

R1:   IF X1=LN\0.06 AND X3=SN\0.12 THEN X2=ZO, 
=> dof(A10)=0.82; dof(A11)=0.64 

R2:   IF X2=SN\0.07 AND X5=LN\0.20 THEN X7=ZO, 
=> dof(A20)=0.79; dof(A21)=0.40 

R3:   IF X2=SN\0.15 AND X5=SN\0.25 THEN X4=ZO, 
=> dof(A30)=0.55; dof(A31)=0.25 

R4:   IF X4=SP\0.05 AND X3=SN\0.20 THEN X7=ZO, => 
dof(A40)=0.85;  dof(A41)=0.40 

 
The resulting fuzzy-Petri-net chaining is depicted in Figure 
1 whereas the computed aggregate fuzzy distribution is 
presented in Figure 2. Final values will depend, of course, 
on the method of defuzzification employed as indicated 
with the numerical results in Figure 2.  
 

 

Fig. 1. Graphical representation of the fuzzy-Petri-net 
structure with calculated DOFs of propositions (places) 
representing the rule chaining in the course of inference 

reasoning. 

 
 

Fig. 2. Graphical presentation of the resulting membership 
grade function for the output variable and two cases of 

numerically resulting singleton to assign state probability 
in Markov chain. 

 
 

V CONCLUSION 
 

The controlling factor in a Markov chain model is the 
transition probability that is a conditional probability for 
the system to go to a particular new state, given the current 
state of the system. It was shown in this paper that 
distributions values obtained from the fuzzy-Petri-net 
reasoning system can be assigned to probabilities of the 
states, in particular for unique definition of the initial state 
of the Markov chain model, which makes it solvable. 
Albeit it is believed that a similar procedure may be 
developed to assign state transition probabilities, this case 
is not well understood and it is task for future research. To 
some extent, this may serve the purpose of controlling the 
feasible events in Markov chain models.  

In was shown in this work that by making use of the 
complementing formalism of Petri-net bipartite graphs, a 
model of fuzzy-rule production system as a model for 
inference and conclusion chaining can be constructed. 
Furthermore, this system is compatible with well-
structured algorithms for data-driven execution of fuzzy-
rule knowledge bases. This process is based on a FKB 
execution approach through the compositional rule of 
inference, so that most of the computational load is put to 
the design stage, and not execution stage. This allows the 
complexity of the execution algorithms to remain 
independent of the discretization of the discourse universes 
over which the linguistic variables to be manipulated in the 
fuzzy production systems are defined.  

Despite the fact that the analysis of the whole process 
and the description of the algorithms is carried out for a 
sup-min compositional rule of inference, the same results 
are valid for the sup-prod rule, although with less 
flexibility in the definition of the linguistic truth values 
that qualify the rules. We have also used the Petri net 
formalism in order to obtain a formal structure that permits 
the definition of algorithms for carrying out inferences in 
different situations. 
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